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DYNAMICS OF SELF-LOCALLZED CHARGE-CARRIERS I N  
QUASI 1-D SOLIDS 
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Submitted f o r  publ ica t ion  August 31, 1981 

A t h e o r e t i c a l  study of t he  p r o p e r t i e s  of l a r g e  polarons 
i n  quas i  one-dimensional systems, including i n t r a c h a i n  
s c a t t e r i n g  by phonons, phonoa emission and absorp t ion  
processes .  

Quasi one-dimensional s o l i d s  are o f t e n  charac te r ized  by a 
profound an iso t ropy  i n  t h e i r  e l e c t r o n i c  t r anspor t  p r o p e r t i e s .  
Concretely, wi th in  the  framework of t i g h t  binding theory ,  
the  r a t i o  of i n t r acha in  e l ec t ron  t r a n s f e r  amplitude, J I  1 ,  t o  
i n t e rcha in  t r a n s f e r ,  may be & 100. Under these  
condi t ions ,  i t  is  Jl’ q u i t e  conceivable  t h a t ,  f o r  non- 
m e t a l l i c  systems, an excess e l ec t ron  (or  hole)  would occur 
i n  t h e  form of an  an i so t rop ic  polaron. I n  p a r t i c u l a r ,  i ts  
in t r acha in  dimension may be l a r g e  compared to  t h e  l a t t i c e  
spacing,  while  s t i l l  being confined t o  a s i n g l e  chain. 
a polaron i s  l a r g e  as f a r  as in t r acha in  t r anspor t  is involved, 
but small with r e spec t  t o  in t e rcha in  t r anspor t .  The motion 
of such an e n t i t y  would be charac te r ized  by t h e m a l l y  a c t i -  
vated hopping i n  the  in t e rcha in  d i r e c t i o n ,  but  would move as 
a quasi-free p a r t i c l e  along the  chain. 

During the  pas t  one and a ha l f  years ,  we have developed 
a program of t h e o r e t i c a l  s t u d i e s  of t he  t r anspor t  p r o p e r t i e s  
of t h e  above descr ibed quas i  one-dimensional polaron,  to- 
ge ther  wi th  prel iminary surveys of t h e  a p p l i c a b i l i t y  o€ t h e  
methods t o  analogous p rope r t i e s  encountered i n  t h e  s tudy of 
var ious  types of s o l i t o n s  i n  quas i  one-dimensional s o l i d s .  
Some prel iminary s t u d i e s  on in t e rcha in  hopping have been 
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236 T. HOLSTEIN 

ca r r i ed  out .  However, t h e  p r i n c i p a l  focus of our e f f o r t  has  
been i n  t h e  d i r e c t i o n  of developing a theory t o  descr ibe  
in t r acha in  t r anspor t .  
t he  bas i c  quasi-free,  band-type cha rac t e r  of i n t r a c h a i n  mo- 
t i o n ,  we have developed a t h e o r e t i c a l  framework f o r  t he  
treatment of t he  d i f f e r e n t  mechanisms' con t r ibu t ion  t o  t r ans -  
po r t  re laxa t ion .  Prel iminary r e s u l t s  on r e l a x a t i o n  due t o  
i n t e r a c t i o n  of t h e  polaron wi th  the  ambient phonon popula- 
t i o n  of t h e  hos t  l a t t i ce  have been obtained;  i n  add i t ion ,  t h e  
s t age  has  been set f o r  c a l c u l a t i n g  the  con t r ibu t ion  of phonon 
emission and absorp t ion  process  (Cherenkov processes)  t o  s a i d  
re laxa t ion .  

por t  of quas i  1-d polarons ( t o  be r e f e r r e d  t o  as "M") w i l l  be  
published i n  an i s s u e  of Phys ics  Reports (North Holland, 
1982); a prel iminary vers ion  is a v a i l a b l e  upon w r i t t e n  re- 
ques t  t o  t h e  author .  

e a r l y  paper' which g ives  an  e x p l i c i t  s o l u t i o n  f o r  t h e  l a r g e  
1-d polaron i n  t h e  so-called molecular-crystal  model, which 
has been used ex tens ive ly  i n  s tud ies2-"  focused pr imar i ly  on 
t h e  t r anspor t  p rope r t i e s  of t he  so-cal led small-polaron 
( i . e . ,  polarons whose l i n e a r  dimensions are of t he  order  of 
a l a t t i ce  spacing) .  For t h e  case of a s i n g l e  e l ec t ron ,  t h i s  
model is descr ibed by the  fol lowing SchrEdinger equation: 

I n  p a r t i c u l a r ,  a p a r t  from v e r i f y i n g  

A d e t a i l e d  account of our s t u d i e s  i n  in t r acha in  t rans-  

The s t a r t i n g  poin t  of our  s t u d i e s  is  contained i n  an 

- J(an-l + an+l) - AUnan(..um..) . (1) 

This  equat ion desc r ibes  t h e  motions of a t i g h t  binding elec- 
t ron  along a chain of diatomic molecules, i n  terms of a 
wave-function a (.u,..u ..) giv ing  the  amplitude of e lec t ron-  n m 
s i t e  occupancy as a func t ion  of t he  v i b r a t i o n a l  coord ina tes ,  
u The f i r s t  term i n  t h e  
r?h.s. of Eq. (1) i s  mani fes t ly  a s soc ia t ed  wi th  t h e  purely 
v i b r a t i o n a l  motion of t he  ind iv idua l  molecules. The second 
descr ibes  i n t e r s i t e  e l ec t ron  t r a n s f e r  i n  terms of a n  ampli- 
tude parameter J, whereas the  t h i r d  g ives  t h e  e lec t ron-  
l a t t i ce  i n t e r a c t i o n .  The l a t t e r  is assumed f o r  s i m p l i c i t y  
t o  be s i te-diagonal  and l i n e a r l y  dependent on t h e  v ib ra t ion -  
a l  displacement coord ina te  u of  t h e  occupied site. I n  t h e  
previously c i t e d  s t u d i e s ,  '-" 

(.one per  molecule f o r  s i m p l i c i t y ) .  

t h e  pure ly  v i b r a t i o n a l  
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN 1-D 237 

component of Eq. (1) is augmented by t h e  term of form Im Mu12umumtl/2, whose purpose i s  t o  provide a quasi-con- 

tinuum of v i b r a t i o n a l  f requencies  ( v i b r a t i o n a l  d i spe r s ion )  
necessary f o r  t h e  d i scuss ion  of hopping-type t r a n s p o r t  of 
smal l  polarons.  I n  our case ,  these terms w i l l  no t  be needed. 

i n  t h i s  present  work, i s  governed by t h e  a d i a b a t i c  approxi- 
mation, which seeks  t o  approximate t h e  t o t a l  ampli tude func- 
t i on .  

The bas i c  approach, i n i t i a t e d  i n  Ref. 1 and continued 

(U1..U ..) $(Ul..Um..> , (2) a Cu,. , u  . .) 1 a (ad) 
n m n m 

where a Cad) (ul. .u . .) is  t h e  a d i a b a t i c  e l e c t r o n  wave func- 

t i o n ,  obtained as t h e  eigenfunct ion of t he  s t a t i o n a r y  
Schrsdinger  equat ion  

n m 

b d )  (ul..u . . I  = m E(ul. .u . . > a n  
m 

(3) 
i .e.,  t h e  s t a t i o n a r y  equiva len t  of ( I ) ,  wi th  neg lec t  of the 
v i b r a t i o n a l  k i n e t i c  energy, and where $(n 
t h e  v i b r a t i o n a l  motion, s a t i s f i e s  t h e  equat ion  

. .) , desc r ib ing  1' 

i.e. , a v i b r a t i o n a l  Schrsdinger  equat ion  i n  which t h e  elec- 
t r o n i c  energy eigenvalue,  E(ul..u ..), serves as t h e  poten- 

t i a l  energy f o r  v i b r a t i o n a l  motion, i n  accordance wi th  
s tandard a d i a b a t i c  theory.  [We should remark t h a t  a product- 
s o l u t i o n  of t h e  type given by Eq. (2) exists f o r  each eigen- 
func t ion  of Eq. 0) .  Here, and i n  what fol lows,  we conf ine  
our a t t e n t i o n  t o  t h a t  e igenfunct ion  which p e r t a i n s  t o  t h e  
lowest  energy eigenvalue,  i .e . ,  t he  e l e c t r o n i c  ground s t a t e . ]  

i s  too  d i f f i c u l t  t o  so lve  f o r  a r b i t r a r y  ul..um... The t r a d i -  

t i o n a l  procedure is  f i r s t  t o  seek the  "minimal so lu t ion , "  

a ('I, f o r  t h e  special  conf igu ra t ion  un 
minimizes E(ul. .U  . .> . 

m 

A s  i n  analogous problems i n  molecular  phys ics ,  Eq. (3) 

( 0 )  ..u (O).., which 

This  was t h e  procedure employed i n  
n m 

m 
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238 T. HOLSTEIN 

Ref. 1. We cite,  i n  pa r t i cu la r ,  the  formulae 

a (O) = sech y(n-S/a) , (5) n 

2 2  2 
*p =485 (A/Muo = Jy / 3  9 

(0) which give, successively,  the e l ec t ron  wave function, an 

minimal d i s t o r t i o n  pa t t e rn ,  um , associated electron poten- 
t i a l  w e l l ,  Vo(n) , and net  polaron binding energy, E i n  
terms of the fundamental constants of the model. The " 
f i r s t  t h ree  q u a n t i t i e s  are functions of the site-index varia- 
b l e  n, which i s  approximated by the continuous variable-- 
appropriate f o r  t he  case of the l a rge  polaron Iy ? A2/4Mwo2J 
<< 1). Note especial ly  t h a t  the argument of these functions 
is  proportional t o  the combination n - S/a, where 5 is  an 
a r b i t r a r y  posi t ion va r i ab le  which we designate as t h e  polaron 
centroid coordinate, and "a" is  the la t t i ce  spacing. This 
a r b i t r a r i n e s s  simply r e f l e c t s  t he  t r a n s l a t i o n a l  invariance 
of the physical system, so t h a t  the polaron centroid can be 
located "anywhere" i n  our one-dimensional medium. 

The next s t age  i n  the adiabat ic  formulation is t o  seek 
solut ions of the "electronic" equation, (3 ) ,  f o r  v ib ra t iona l  
configurations ul..u i n  the v i c i n i t y  of the nominal con- 

f igurat ion,  u1 This can be done by standard 

perturbation theory, t r ea t ing  the  "vir tual"  displacements 

, 
(0) 

m' * 

m 
col . .u ('I., . 

as  s m a l l  quant i t ies .  

order correction t o  a (') as a function o f , a r b i t r a r y  6um, 
from which one s t r a i b t f o r w a t d l y  obtains  the v ib ra t iona l  
po ten t i a l  energy 

The procedure is t o  obtain the f i r s t -  

V(..6um..) 5 E(..u + &urn..) - E , (9) 
m P 

t o  second order i n  the bum. 

M {cf.  Eqs. U.16) - (2.18111 reads 

The r e s u l t  [given i n  Sec. I1 of 
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN I-D 239 

V(..6Um..) = 'm0 2 /2){ln(6un) 2 - 
A 

- 1 G(n-S/a,n'-c/a)6un6un, (10) 
n,n' 

A A 2 where G(n,n') 4y G(n,n')sechynsechyn' and where G(n,n') is 
a s o l u t i o n  of t h e  equat ion 

h a 2i 2 - + y(2sech yn - 1 ) G  = - 6(n-n1) + 5 sechyn sechyn' . 2 an 
(11) 

We remark t h a t  Eq. (l1) is completely equivalent  t o  t h e  
usua l  per turba t ion- theore t ic  formulat ion f o r  de te rmina t ion  
of t h e  f i r s t - o r d e r  co r rec t ion  to  t h e  e l e c t r o n i c  wave func- 
t ion .  We note  a l s o  the  absence of terms l i n e a r  i n  t h e  6un 
i n  Eq. (10). This  f e a t u r e  is  expected, of course,  because 
V(..6um..) c o n s t i t u t e s  an expansion about t he  minimal config- 
ura  t ion. 

v i b r a t i o n  modes assoc ia ted  wi th  the  new p o t e n t i a l  energy 
func t ion ,  V(..6u ..). 
the  mode eigenv%ue equations: 

The next  s t a g e  i n  the  t reatment  i s  t o  o b t a i n  t h e  normal 

This  means obta in ing  t h e  s o l u t i o n s  of 

A - Mu 2 6un = - Muo2{6un - lnl GCn-S/a,n'-S/a)Gunl) . (12) 

This  problem was, i n  f a c t ,  t r e a t e d  a few years  earlier by 
Melnikov' and by Shaw and Whi t f ie ld .6  
s o l u t i o n  was  no t  obtained,  t h e i r  r e s u l t s  are s u f f i c i e n t  f o r  
our purpose. Concretely, t h e  s o l u t i o n  of Eq. (12) y i e l d s  
mode func t ions  u (n-c/a) (we s h a l l  r e f e r  t o  these  as "MSW- 
modes"), and a s soc ia t ed  f requencies ,  wa. The la t ter  cons t i -  
t u t e  an i n f i n i t e  series of d i s c r e t e l y  denumerable va lues ,  
ascending from zero  t o  the  h o s t - l a t t i c e  v i b r a t i o n  frequency, 
u which serves as an accumulation poin t  of t h e  series. Of 
p z i t i c u l a r  i n t e r e s t  is the  ex is tence  of a zero frequency 
mode. A s  emphasized i n  Refs. 5 and 6, t h i s  mode, whose 
e x p l i c i t  n-dependence has  t h e  form 

Although a complete 

a 

(13) 2 uo(n-c/a) sech y(n-S/a) tanh(n-c/a) , 
is j u s t  what one obta ins  by consider ing t h e  6un p a t t e r n  
a r i s i n g  from an  i n f i n i t e s i m a l  displacement of 
cent ro id ,  as evidenced by the  f a c t  t h a t  

t h e  polaron 
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240 T. HOLSTEIN 

The ex is tence  of such a mode is  j u s t  an  a d d i t i o n a l  manifesta- 
t i o n  of the  t r a n s l a t i o n a l  invar iance  of  t he  phys ica l  system. 

We remark he re  t h a t  t h e  ex is tence  of t h e  zero-frequency 
' ' t rans la t iona l ' '  mode a l s o  ob ta ins  i n  o the r  problems; i n  
p a r t i c u l a r ,  f o r  t h e  case  of onedimens iona l  s o l i t o n s .  J u s t  
as i n  those problems, i t  i s  in fe r r ed  t h a t  one poss ib l e  dy- 
namical mode of t h e  polaron (or  s o l i t o n )  c o n s i s t s  of uniform 
t r ans l a t ion ;  t he  o t h e r s  correspond t o  va r ious  t pes of shape- 
a l t e r i n g  motions. 
t h e r e  e x i s t s  a d i s c r e t e  "breather  mode," together  wi th  a 
continuum, which desc r ibes  t h e  i n t e r a c t i o n  wi th  ' 'free" lat-  
t ice  v i b r a t i o n s  (propagating waves). 
l e m ,  i n  which t h e  spectrum of f r e e  v i b r a t i o n s  i s  t h e  com- 
p l e t e l y  Einstein- type d e l t a  func t ion  d i s t r i b u t i o n  & ( ~ J ~ - W ~ )  , 
t he  MSW mode-functions, u,(n-c/a), desc r ibe  loca l i zed  
"bound-state" v ib ra t ions ,  
motions of t h e  polaronic  d i s t o r t i o n  p a t t e r n .  

s t u d i e s  ( i . e . ,  those  g iv ing  rise t o  new r e s u l t s  and assoc i -  
a t ed  t h e o r e t i c a l  points-of-view) may be s a i d  t o  begin. The 
a c t u a l  s t a r t i n g  poin t  is  the  r e a l i z a t i o n  of t h e  f a c t  t h a t  
t he  ex i s t ence  of t h e  zero-frequency mode had been estab-  
l i shed ,  t h e  o r i g i n a l  procedure of computing t h e  a d i a b a t i c  
p o t e n t i a l  as a func t ion  of smal l  excursions,  6un, about a 

f ixed  minimal pa t t e rn ,  u(O) (n- t /a ) ,  wi th .  f i xed  (though a r b i -  
t r a r y )  6, which l i es  a t  t h e  b a s i s  of t h e  t rea tments  of Refs. 
6 and 7 ( a s  w e l l  as the  corresponding t reatments  of t he  
s o l i t o n  problem) is manifest ly  inadequate  whence w e  incorpor- 
a t e  t h e  v i b r a t i o n a l  k i n e t i c  energy i n t o  the  problem [ a s  is 
required by Eq. ( 4 ) l .  
tudes  of t he  6u 
considered unifGrmly small. 
any component which conta ins  t h e  t r a n s l a t i o n a l  mode must be 
expected t o  g e t  a r b i t r a r i l y  la rge .  
i t  is  necessary t o  adopt a more f l e x i b l e  approach i n  which 
the  cent ro id  i s  no longer considered t o  be f ixed  ( i n  zero th  
o rde r ) ,  but  i s  permit ted t o  assume a r b i t r a r y  va lues ,  as 
determined u l t ima te ly  by t h e  dynamics. 
propose t o  treat t h e  cen t ro id  as an  independent dynamical 
va r i ab le .  
u i n  the  form [ c f .  Eq. (3.1) of MI 

T That is, f o r  t h e  so-cal led 4 - so l i ton , '  

I n  our p a r t i c u l a r  prob- 

g iv ing  rise t o  shape-al ter ing 

It is  a t  t h i s  po in t  i n  the  development t h a t  our  own 

The reason is  simply t h a t  t he  ampli- 
which occur dynamically can no longer  be 

I n  p a r t i c u l a r ,  t h e  amplitude of 

Under these  circumstances, 

I n  o the r  words, w e  

We do t h i s  by wr i t i ng  an a r b i t r a r y  displacement, 

n' 
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN I-D 241 

W 

= uCD)(n-6/a) + 1 ua(n-5/dQa 
n a=l 

(15) 

where the  ''mode amplitudes" are t o  be considered as s m a l l .  
Note t h a t  t h e  mode summationQaexcludes any con t r ibu t ion  of 
t he  t r a n s l a t i o n a l  mode, u (.n-C/a). Such a con t r ibu t ion  would 
be redundant s i n c e  the  p o g s i b i l i t y  of purely t r a n s l a t i o n a l  
motion i s  a l ready  taken i n t o  account by permi t t ing  6 t o  be 
an  a r b i t r a r y  dynamical va r i ab le .  A l t e rna t ive ly  s t a t e d ,  t he  
e l imina t ion  of t h e  t r a n s l a t i o n a l  mode from the  a-sum auto- 
ma t i ca l ly  so lves  the  over-counting problem which would other-  
w i s e  arise from the  in t roduct ion  of an e x t r a  l a t t i c e  dynami- 
c a l  v a r i a b l e  on top of t he  a l ready  complete set c o n s t i t u t e d  
by t h e  u . 
the  6-dependence of t he  mode amplitude func t ions ,  u (n-(/a), 
t h e  t r a n s l a t i o n a l  motion i s  no longer  decoupled "from 
the  o the r  non- t rans la t iona l  degrees of freedom, as i n  the  
t reatment  of Refs. 5, 6 ,  and 7 .  This  coupling g ives  rise t o  
a d r a s t i c  modi f ica t ion  of t h e  s t r u c t u r e  of t he  theory de- 
veloped i n  the  c i t e d  re ferences .  
when w e  transform the  v i b r a t i o n a l  k i n e t i c  energy opera tor  

T E (-)I /2M) cm (a /aum2) t o  the  new coord ina tes  5 and Qa, 
sa id  t ransformation being def ined  by Eq. (15). The d e t a i l s  
of t h i s  t ransformation are given i n  Sec t ion  I11 of M; t he  
f i n a l  r e s u l t  is an e x p l i c i t  expression f o r  T as a func t ion  
of d i f f e r e n t i a l  opera tors  8/36,  a/aQa.  When augmented by 
the  p o t e n t i a l  energy opera tor  

We note  a l s o  the  important f a c t  t h a t ,  by v i r t u e  of 

The modi f ica t ion  shows up 

2 2 

t he  t o t a l  v i b r a t i o n a l  Hamiltonian is thus  obtained.  Before 
d isp lay ing  t h e  e x p l i c i t  expression f o r  i t ,  we remark t h a t  
an i n t e g r a l  f e a t u r e  of t he  treatment i s  the  u t i l i z a t i o n  of 
a transformed v i b r a t i o n a l  wave func t ion  

where 
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242 T. HOLSTEIN 

plays the r o l e  of e f f e c t i v e  mas8 f o r  t he  polaron centroid 
motion, and the  Sa are c e r t a i n  coe f f i c i en t s  given by the  
formula 

The basic  property obeyed by the  transformed wave function, 
xc. .Q,. . E l ,  is  that i t  normalization is given by the  equa- 
t ion 

The occurrence of the f a c t o r  11 + - 
P 

equal i ty  is connected with the f a c t  t h a t  t h i s  f a c t o r  consti-  
t u t e s  the Jacobian of t he  transformation from the un t o  the  
var iables  . . Q,. . E ,  

The time dependent SchGdinger equation f o r  x [replac- 
ing Eq. (411 is  wri t ten in the form 

S Q I i n  t he  l a s t  M la a a  

iH2 = Hx = 01, + H1)x 

Here [cf .  Section 111 of MI, 

. 

and 
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN I-D 243 

H 1 = - & I  2M [ 1 + -  s Q  [%- a,a' 1 GCUY,' Q a ~ L ]  aQa 
a c i a  P 

P 

where the bntisymmetric) matrix elements GwI are defined 
by the formula 

aU,, (n-S/a) 
Gad = -  G~~~ = In u,Cn-E/a) 9 (23) a6 

( i n  our work, w e  treat the n-sums as i n t e g r a l s ) ,  and where 

b: and b a r e  boson creat ion and ann ih i l a t ion  operators  

associated with the MSW-excitations. 
is given by invert ing the standard r e l a t i o n s  

a 
Their e x p l i c i t  form 

- a = ha/2H)1/2 (ba - ba t . 
aQa 

The decomposition of the t o t a l  Hamiltonian i n t o  the  two com- 
ponents, H and H1, corresponds t o  the circumstance t h a t  ( a s  

discussed exhaustively i n  Sec. I11 of M), €or t he  case where 
the adiabat ic  approach i s  v a l i d ,  H may be t r ea t ed  as a per- 
turbat ion re la t ive t o  the ze ro ' t h  ' order Hamiltonian. 
w e  note  tha t ,  when f ac to r s  of the form [l + (M/M 11 S Q I-' 
a r e  replaced by unity,  H1 vanishes. The de ta i l ed  
considerations of M show t h a t  a binomial expansion of these 

0 

Here, 

a a a 
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244 T. HOLSTEIN 

denominators i n  powers of t h e  opera tor ,  (M/M ) I  S Q 

t o  a per turba t ion  development i n  which the  bas i c  smallness 

parameter is  the  dimensionless r a t i o  (Huo/E I l l 2 .  We now 

remark t h a t  a necessary condi t ion  f o r  t he  a p p l i c a b i l i t y  of 
the  a d i a b a t i c  approach is  the  i n e q u a l i t y  

leads p a a a '  

P 

i.e., t he  v i b r a t i o n a l  quantum energy should be small compared 
t o  c h a r a c t e r i s t i c  e l e c t r o n i c  energ ies  l a  t y p i c a l  such quant i -  
t y  being the  polaron binding energy, E , as given by Eq. (8) 1. 
From t h i s  f a c t ,  we conclude t h a t  i t  Ispindeed q u i t e  appro- 
p r i a t e  t o  treat H1 as a pe r tu rba t ion ,  as w e  have done i n  our  
treatment . 
t y ,  exhib i ted  most e x p l i c i t l y  i n  t h e  las t  equa l i ty  of 
Eq. (211, namely, t h a t  €Io conserves t h e  t o t a l  number of MSW- 
mode e x c i t a t i o n s  (phonons). 
rence of equal  powers of c r e a t i o n  and a n n i h i l a t i o n  ope ra to r s ,  

ba and b d  i n  a l l  t h e  terms, i t  is i m e d i a t e l y  apparent  t h a t ,  

wi th  neglec t  of H1, 

Turning now t o  Ho, w e  take  note  of t he  important proper- 

Concretely,  due t o  t h e  occur- 

t 1, Na = la ba ba = cons tan t .  

The e i g e n s t a t e s  of H may thus  be c l a s s i f i e d  according 0 t o  t h e  t o t a l  phonon populat ion,  v iz . ,  zero-phonon, one- 
phonon, etc. 

marked t h a t  t h e  eventual  i nc lus ion  of H 
s i t i o n s  between the  d i f f e r e n t  classes of ze ro ' t h  order  
e igens t a t e s ,  i n  which one, two, th ree ,  etc., phonons are 
emitted o r  absorbed. The number of phonons shows up i n  the 
occurrence of success ive ly  h igher  powers of t h e  smallness  
parameter h o / E  a s  f a r  as t he  p r o b a b i l i t i e s  of such t ran-  

s i t i o n s  are concerned [ f o r  each phonon, two powers of the 

bas ic  parameter (HuO/E 1 1'2 are introduced] .  
P 

y e t  c a r r i e d  ou t  s p e c i f i c  c a l c u l a t i o n s  on the  p r o b a b i l i t i e s  
of such "Cherenkov" processes .  However, we do not  a n t i c i -  
pa t e  any e s s e n t i a l  d i f f i c u l t i e s ,  and we propose t o  s tudy them 
as p a r t  of our  f u t u r e  program. Our work up t o  t h i s  t i m e  has  
been focused on the  e igens t a t e s  of Ho, i n  p a r t i c u l a r  t he  
zero-phonon and one-phonon states. It w i l l  be  seen t h a t ,  

Within t h i s  c l a s s i f i c a t i o n  framework, i t  may now be re- 
g ives  r ise t o  t ran-  

P '  

Apart from t h i s  prel iminary observa t ion ,  we have not  as D
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN 1-D 245 

espec ia l ly  i n  t h e  case of one-phonon s t a t e s ,  t he  t h e o r e t i c a l  
t reatment  is  q u i t e  non- t r iv ia l .  I n  p a r t i c u l a r ,  i t  permits  
us  t o  e l u c i d a t e  the  p r i n c i p a l  f e a t u r e s  of an important t rans-  
por t - re laxa t ion  mechanism, namely t h a t  due t o  polaron c o l l i -  
s i o n s  wi th  ambient phonons. 

We begin wi th  some b r i e f  remarks on the  r e l a t i v e l y  
simple zero-phonon case.  Here, a11 t h e  terms involving pho- 
non c r e a t i o n  and a n n i h i l a t i o n  ope ra to r s  a r e  e f f e c t i v e l y  zero , 
so  t h a t  t he  only surviving term on the  r i g h t  hand s i d e  of 
Eq. (21) is  

P a k  
The zero phonon e igens t a t e s  are conveniently chosen as 

where t h e  ke t ,  lo>, denotes the  "vacuum" v i b r a t i o n a l  state 
i n  which a l l  t h e  N are zero. Its (unnormalized) 
conf igura t iona l  r ep resen ta t ion  is simply a 

From t h e  6-dependence of Eq. (27), we  see immediately t h a t  
t he  state is one of momentum Ilk 

I n  t h i s  simple case, t h e  i s o l a t e d  polaron ' behaves a s  
a quas i -pa r t i c l e  of mass M . 

We now d i scuss  the  much more involved, and i n t e r -  
e s t i n g ,  problem of t he  one-phonon case. This  is discussed 
a t  l eng th  i n  Sec. I V  of M. We present  a very b r i e f  summary 
of i t s  contents .  

Consider t h e  sub-class of one-phonon states which have 
the  form 

and energy Ek = B2kS2/2MP. 5' 

where the  A ( t )  are complex numbers whose values  a t  some i n i -  
t i a l  time 
where I O> denotes  the  a l r eady  descr ibed vacuum v i b r a t i o n a l  
state,  a l t e r n a t i v e l y  def ined as the  s ta te  f o r  which balO> = 0. 

of t he  canonical  momentum ope ra to r ,  p = (H/ i )a /a< ,  asso- 
c i a t e d  wi th  the  cent ro id  coord ina te  ' c .  The f a c t  t h a t  p 
i s  a "good" quantum number is seen from inspec t ion  of 
Eq. (21). S p e c i f i c a l l y ,  H (and, indeed, H1 as well) does 

a are a r b i t r a r y  (apart  from normal iza t ion) ,  and 

W e  remark t h a t  Eq. (29) embraces t h e  t o t a l i t y  of one- 
phonon states which are charac te r ized  by a f ixed  va lue ,  Hkg ¶ 

5 

0 
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246 T. HOLSTEIN 

not conta in  a n  e x p l i c i t  (-dependence. It is a func t ion  only 
of a i a g ,  SO t h a t  

However, i n  c o n t r a s t  t o  t h e  s i t u a t i o n  i n  the  zero-phonon 
case, discussed a t  the end of t h e  previous s e c t i o n  9 Pg is not 
t o  be i d e n t i f i e d  wi th  t h e  k i n e t i c  momentum assoc ia ted .  w i t h  
the  motion of t h e  cent ro id .  
e a s i l y  seen t o  be given by 

This  la t ter  quan t i ty ,  M 5, is  
P 

Actual ly ,  we should not  be su rp r i sed  a t  the  lgck of corre- 
spondence of p wi th  the .k ine t i c  momentum, MpS. S p e c i f i c a l l y ,  
w e  do not  expect 5 , a l s o ,  t o  be a cons tan t  of 
the  motion. 
order  theory based on Ho is  incapable  of descr ib ing  p laron-  
phonon c o l l i s i o n s .  However, t h e  f a c t  t h a t  M 5 d i f f e r s  from p 

P impels us  t o  two conclusions: 
1) The quan t i ty  p must correspond t o  t h e  ( c r y s t a l )  momentum 
of the  e n t i r e  ' system--polaron p lus  phonon. Its con- 
stancy arises from the  inva r i ance  of t h e  Ho (and H1 as w e l l )  
wi th  r e spec t  t o  t h e  t r a n s l a t i o n  of bo th  phonon and polaron 
i n  t h e  one-dimensional E-space. [Remember t h a t  our descr ip-  
t i o n  of the  v i b r a t i o n a l  subsystem is formulated i n  terms of 
the  MSW-modes, which are "attached'' t o  t h e  cen t ro id  coordi- 
n a t e  5 v i a  our  i n i t i a l  t ransformation r e l a t i o n s h i p ,  Eq. 
(1511. 
2) t h e  quan t i ty  P 

t h e  momentum assoc ia ted  wi th  t h e  phonon f i e l d .  I n  t h e  one- 
phonon case t h i s  is simply the  momentum of a s i n g l e  phonon. 

I n  order  t o  e l u c i d a t e  t h i s  last  conclusion,  we develop 
a n  a l t e r n a t e  expression f o r  P We r e f e r  t o  M IEqs. (4.4) 
- (4.7) and in te rvening  text] ph ' for  d e t a i l s .  The r e s u l t  is 

I f  i t  were, we would conclude t h a t  t h e  z e r o ' t h  

5 

t 
(H/i)~,,,,Gaalba, b, corresponds t o  

It must fol low then t h a t  

Ph 

where, wi th  the  in t roduct ion  of a " local"  s i t e -va r i ab le ,  

t h e  o b j e c t s  
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN I-D 247 

made 

(N = 
(30) 

may be regarded as opera tors  which c r e a t e  o r  a n n i h i l a t e  site- 
loca l i zed  phonons. 

opera tors ,  t h e  r i g h t  hand s i d e  of Eq. (30) could obviously 
correspond t o  phonon momentum. 

t We now no te  t h a t ,  i f  t h e  b (n) and b(n) were t r u e  boson 

[This  correspondence could b e  
more obvious by transforming t o  p lane  wave opera tors  

number of sites i n  t h e  sample), i n  terms of which Eq. 
would assume the  form 

which is  the  s tandard expression f o r  t h e  t o t a l  momentum of 
the  phonon f i e l d .  3 

However, t h e  s i t u a t i o n  is complicated by t h e  fact  t h a t ,  
s i n c e  the  sums i n  E q s .  (32a) and (32b) go over an incomplete 
set of mode-functions ( t h e  t r a n s l a t i o n a l  mode-function being 
omi t ted) ,  t he  b ( n ) ,  b (n) do not  obey boson c o m u t a t i o n  
r u l e s .  Ins tead  [ c f .  Eq. (4.9) of MI, 

t 

The impl ica t ions  of Eq. (33) are discussed i n  Sec t ion  I V  of 
M, wherein i t  is concluded t h a t ,  f o r  a l l  p r a c t i c a l  purposes 
[ i n  which the  p r i n c i p a l  concern is t h e  asymptotic behavior 
of a l oca l i zed  phonon "wave packet" a t  l a r g e  d i s t a n c e s  from 
t h e  polaron cent ro id  (IRI >> l / y ) ] ,  t h e  co r rec t ion  t o  boson 
c o m u t a t i o n  r u l e s  embodied i n  t h e  las t  term on t h e  r i g h t  
hand s i d e  of Eq. (33) may be ignored. 
t h e  i n t e r p r e t a t i o n  of Eq. (30) as t h e  momentum of a phonon 
is acceptable .  

The next s t e p  is  t o  e s t a b l i s h  a SchrEdinger type equa- 
t i o n  f o r  a one-phonon state func t ion  i n  the  s i t e - v a r i a b l e  
representa t ion .  To t h i s  end, one in t roduces  an n-dependent 
one-phonon "wave funct ion,"  charac te r ized  by a f i x e d  va lue  
of t h e  t o t a l  momentum ps = Nks, v i a  t h e  d e f i n i t i o n  

For such wave packets ,  

where 
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248 T. HOLSTEIN 

(35) I$> = 1, Aa(t> b, t 10> , 
is t h e  genera l  one-phonon state. [Equation (35) d i f f e r s  
from Eq. (29) only i n  t h a t  the e x p l i c i t  E-dependent, exp(ik$), 
has been omitted, i t  being understood t h a t  8/36 is t o  be 
replaced uniformly by ikc . ]  I n  conjunct ion wi th  Eqs. (34) 
and (35), t h e  a c t i o n  of an  a r b i t r a r y  ope ra to r ,  a ,  on the  "wave 
function" $(q), is defined by t h e  formula 

a$(n) : <Olb<n>ccl$> . ( 3 6 )  

After  s t ra ight forward ,  a l b e i t  lengthy,  manipulat ions,  d e t a i l e d  
i n  Sec. I V  of  My toge ther  wi th  approximations a l s o  discussed 
the re in ,  one obta ins  f o r  t he  ze ro ' t h  order  Hamiltonian, t h e  
opera tor  equat ion 

where 

The phys ica l  s ign i f i cance  of Eq. (37) may be understood 
as follows. I n  t h e  absence of t h e  polaron, an  E ins t e in  
phonon, i n i t i a l l y  loca l i zed  on a given s i te ,  remains loca l -  
ized a t  t h a t  site. The presence of t h e  polaron produces two 
types of motion. One of these ,  a s soc ia t ed  wi th  t h e  nonlocal  
term containing G (n, q' ) , is  i n t e r s i t e  migrat ion;  s a i d  migra- 
t i o n  occur r in  p r i n c i p a l l y  i n  t h e  neighborhood of t h e  pola- 
ron ( I n l ,  In'f $ l / y ) .  The second, a s soc ia t ed  wi th  the  
terms propor t iona l  t o  6*/2M a 2  is  due simply t o  t h e  continu- 
ous k i n e t i c  motion of t h e  polaron. Its appearance i n  Eq. 
(37) arises s o l e l y  from t h e  circumstance t h a t  our wave func- 
t i on ,  $(.n), depends upon t h e  "posi t ion" of t h e  phonon *- 
t i v e  t o  t h e  polaron cent ro id .  F i n a l l y ,  t h e  term conta in ing  
t h e  f a c t o r  B(Q)$(~) t akes  account of t h e  exclusion of t h e  
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN 1-D 249 

t r a n s l a t i o n a l  MSW-mode, u (rl), from t h e  phonon dynamics. Its 
mathematical s t r u c t u r e ,  as discussed i n  M, does not  pre- 
s e n t  any inherent  obs tac les .  Taking i t  i n t o  account r e q u i r e s  
tiresome but  otherwise s t ra ight forward  co r rec t ions .  

We now ske tch  our work concerning the  a p p l i c a t i o n  of Eq. 
(37) t o  t he  so lu t ion  of t he  polaron-phonon s c a t t e r i n g  problem. 
A s  i n  s tandard s t a t i o n a r y - s t a t e  s c a t t e r i n g ,  we seek  s t a t i o n a l  
s p a t i a l l y  unbounded so lu t ions  of t he  SchrGdinger equat ion,  

0 

E$ = Ho$ . 
Writing 

w e  have 

We remark t h a t ,  upon examining the  asymptotic form of Eq. 
(39) (where t h e  f i r s t  and t h i r d  terms on the  r i g h t  hand s i d e  
may be ignored) ,  one i m e d i a t e l y  sees t h a t  t h e  requirement 
of s p a t i a l  unboundedness is s a t i s f i e d  by tak ing  E t o  be posi- 
t ive.  We remark t h a t ,  phys ica l ly ,  E: is  j u s t  t h e  polaron 
k i n e t i c  energy a t  l a r g e  d i s t ances  from the  phonon. 

Our problem is  now t o  so lve  Eq. (39) sub jec t  t o  boundary 
condi t ions  such t h a t  f o r  n p o s i t i v e  and l a r g e ,  $(n) has  t h e  
form of an outgoing wave, exp( ik  r)a> [where E2k 2/2M = €1. 

immediately y i e l d s  the  amplitude of t h e  r e f l e c t e d  wave rela- 
t i v e  t o  t h e  inc ident .  The abso lu te  square of t h e  r a t i o ,  R ,  
is j u s t  t h e  r e f l e c t i o n  c o e f f i c i e n t  f o r  one-dimensional 
polaron-phonon c o l l i s i o n s .  From a knowledge of t h e  r e f l e c -  
t i o n  c o e f f i c i e n t ,  the  t r anspor t  r e l axa t ion  time i s  r e a d i l y  
obtained i n  terms of polaron v e l o c i t y  and ambient phonon 
dens i ty  . 

I n  our a c t u a l  procedure,A we u t i l i z e  the  two def in ing  
equat ions (11) and (23) f o r  G ( q , n ' )  and G ( n , q ' )  t o  r ep lace  
Eq. (39) by two coupled d i f f e r e n t i a l  equat ions.  Referr ing 
t o  Sec. I V  of M €o r  t he  d e t a i l s ,  we proceed t o  write down 
these  equat ions i n  dimensionless form. We have 

The s o l u t i o n  f o r  l a r g e  nega t ive  r), then,  P P  
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250 T. HOLSTEIN 

a 2F 2 

a Z  

- + (2sech z - l ) F ( z )  = 2 K c  sechz $(d  - 2Kc  D(z)$(z), (41) 2 

where z = yr( is  a dimensionless v a r i a b l e ,  g iv ing  l eng th  i n  
u n i t s  of the  polaron size,  L. Here a l s o  

and 

K Z k L / a  . (42d) 5 
[We remark t h a t  K ~ ,  t h e  dimensionless polaron momentum a t  
i n f i n i t y ,  and K ,  t h e  corresponding dimensionless t o t a l  
momentum, are spec i f i ed  by the  i n i t i a l  condi t ions ,  I n  par- 
t i c u l a r ,  KO i s  contained i n  the  form of t h e  " inc ident  beam," 
exp(iKoZ), whereas K is j u s t  +KO augmented by t h e  ( a r b i t r a r y )  
momentum of t h e  i n i t i a l  phonon. 
absolu te  magnitudes I K I  and l K o I  are l imi t ed  only by the  
circumstance t h a t ,  u l t ima te ly ,  we want t o  t a k e  account of 
t h e  d i sc re t eness  of t he  lattice. 
1.1 

We f u r t h e r  remark t h a t  the 

Thus, I K I ,  I K o I  5 Lnla >> 

Fina l ly ,  

and 

As pointed out  i n  M [ c f .  text between Eqs. (4.29) and 
(4.30)], t hese  las t  terms play t h e  r o l e  of "driving" terms 
i n  t h e  coupled system given by Eqs. (40) and (411, which are 
easily t r e a t e d  once we  know the  s o l u t i o n s  of t he  correspond- 
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DYNAMICS OF SELF-LOCALIZED CHARGE CARRIERS IN I-D 251 

ing duo of "homogeneous" equations. 
them f u r t h e r ,  except t o  poin t  ou t  t h a t ,  f o r  t h e  s p e c i f i c  
cases which we have s tud ied ,  t h e i r  r o l e  is  subordinate .  

focused on two cases: 
1) K >> K . I n  t h i s  case, i t  tu rns  ou t  t h a t  Eq. (41) may be 
approximatgd by an  a lgeb ra i c  r e l a t i o n s h i p  between t h e  coupled 
amplitudes F(z) and $(z), viz . ,  

We s h a l l  no t  d i scuss  

The c a l c u l a t i o n s  which we have c a r r i e d  ou t  s o  f a r  are 

(41') 
2 - K F(z)  2Kc sechz $(z) 

which, when s u b s t i t u t e d  i n t o  Eq. (401, y i e l d s  

where w e  have omitted the  d r iv ing  terms f o r  s i m p l i c i t y  of 
presenta t ion .  
[ exp (.iKz) 3 x ( z )  

Introducing the  t ransformation $ ( z )  = 
then y i e l d s  

,Y 

21 x ( z >  = 0 , 2 2  2 dLX + [ (4Kc / K  ) sech Z i- KO 
dz 2 (43) 

which is j u s t  t h e  one-dimensional Schrzdinger equat ion f o r  a 
sech'z po ten t ia l -wel l .  
known, I n  p a r t i c u l a r  [ c f .  Landau and L i f s h i t z ,  3rd e d i t i o n ,  
page 80 (1963)], t he  r e f l e c t i o n  c o e f f i c i e n t  is given by t h e  
express  ion  

The continuum s o l u t i o n s  are w e l l  

2 2 2 1 /2]  cos  [ (lT/2) (1 + 1 6 ~ ~  / K  ) 
2 2 2 1 /2]  . (44) 2 R =  

s i n h  T K O  + cos [ (lT/2) (1 + 1 6 ~ ~  /K ) 

Apart from s p e c i a l  va lues  of K such t h a t  t he  square-root i n  
t h e  argument of the  cosine is  an odd in t ege r  ( t h e  u l t ima te  
s ign i f i cance  of these  values  being of zero measure as f a r  
a s  phys ica l  app l i ca t ions  are concerned), t he  e s s e n t i a l  be- 
havior  of Eq. (44) is  conveniently given by t h e  formula 

R = exp[-2lTK ] . (45) 0 

2) I n  t h i s  case, we have developed WKB- 
type s o l u t i o n s  of t h e  coupled equat ions,  (40) and (41) .  
Due t o  l i m i t a t i o n s  of space,  we s h a l l  no t  d i scuss  d e t a i l s ,  
bu t  content  ourse lves  with c i t i n g  the  genera l  r e s u l t  t h a t ,  
i n  t h e  l i m i t  

K~ >> 1, K = 0. 
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252 T. HOLSTEIN 

t he  r e f l e c t i v i t y  c o e f f i c i e n t  becomes exponent ia l ly  s m a l l ;  i n  
f a c t  

( j u s t  as i n  case 1 ) .  

t he  problem, numerical methods are required.  I n  our  opinion,  
t h e  above quoted r e s u l t s  a l ready  conta in  the  e s s e n t i a l  
physics, as embodied i n  Eqs. (45) and (45 ' ) .  

(4.47) of M t h a t  t h e  b a s i c  energy u n i t  of t h e  problem, namely 
li2/2MpL2, t u r n s  out  t o  be j u s t  

R exp[-2nKo] , 

It appears  t h a t ,  t o  ob ta in  a more complete s o l u t i o n  of 

I n  connection wi th  t h e  last remark, we no te  from Eq. 

This u n i t  is  c l e a r l y  small compared t o  t h e  phonon energy. 
It is  then c l e a r  t h a t ,  f o r  a wide range of phys i ca l ly  i n t e r -  
e s t i n g  thermally ambient polaron k i n e t i c  energ ies ,  Eqs. (45) 
and (-45') p r e d i c t  t h a t  polaron-phonon c o l l i s i o n s  c o n t r i b u t e  
r a t h e r  weakly t o  t r anspor t  r e l a x a t i o n  rates. Al t e rna t ive ly  
s t a t e d ,  e f f e c t i v e  t r anspor t  mean-free-paths may be q u i t e  
l a rge  compared t o  t h e  r ec ip roca l  of (one-dimensional) phonon 
d e n s i t i e s .  I n  view of t h i s  r e s u l t ,  i t  is  obviously of im- 
por tance t o  s tudy t h e  con t r ibu t ion  of Cherenkov processes  t o  
t r anspor t  r e l axa t ion .  
important f o r  E > Bu0. 
one f a c e t  of our proposed research  program. 

p rope r t i e s  (d i f  f u s i v i t y  and mobi l i ty )  , t he  long mean-free- 
pa th  energy reg ion  below t h e  Cherenkov threshold ,  E = %uo, 
w i l l  s t i l l  be of decisive importance, as long as kT is 
not  except iona l ly  l a r g e  compared t o  b0. 

Such processes  would become espec ia l ly  
This  problem, i n  f a c t ,  c o n s t i t u t e s  

An added note: With respec t  t o  convent ional  t r anspor t  
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